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Abstract:

This paper is devoted to the study of existence and uniqueness of solutions for a class of implicit
fractional differential equations involving the Caputo fractional derivative. The analysis is
carried out by employing appropriate fixed-point techniques, including a modified contraction
principle and the nonlinear alternative for contractions. Sufficient conditions ensuring the
existence and uniqueness of solutions are established. Finally, an illustrative example is
presented to demonstrate the applicability of the obtained theoretical results.
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1. Introduction:

It is well known that the behavior of many physical systems can be effectively described using
various types of fractional differential equations. Consequently, the theory of fractional differential
equations has attracted considerable attention due to its importance in modeling a wide range of
phenomena. A detailed account of the fundamental theory of fractional calculus, fractional differential
equations, and their applications can be found in the monographs [1-4]. We also refer to the works [5-8],
where several interesting theoretical results concerning fractional differential equations have been
investigated.

Recently, considerable attention has been devoted to implicit fractional differential equations. In
particular, the existence, uniqueness, stability, and other qualitative properties of solutions for implicit
fractional differential equations subject to initial and boundary conditions have been studied in [9-11].
These results were established by employing various fixed-point techniques and approximation methods.

Motivated by the works [9-11], in the present paper we investigate the existence and uniqueness
of solutions to an initial value problem for a class of implicit fractional differential equations involving the

Caputo fractional derivative, given in the following form:
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°D*x(t) = f(t,x(t),°Dx(t)), t€[0,b], b>0,n—1<a<mn (LI

x®(O0)=x,€R", k=01,..,n—1, (1.2)

Where f: [0, b] X R™ X R™ —» R™ is a nonlinear continuous function, x: [0, b] - R",

and D denotes the Caputo fractional derivative of order a. Some special cases of problems (1.1)—(1.2)
have been studied in [9-12] using various analytical approaches.

The remainder of this paper is organized as follows. In Section 2, we present some preliminary
concepts, basic definitions from fractional calculus, and the auxiliary results required for our subsequent
analysis. In Section 3, we establish the main existence and uniqueness results for problem (1.1)—(1.2).
Finally, an illustrative example is provided to demonstrate the applicability of the obtained theoretical
results.

2. Preliminaries
Let R™ denote the n-dimensional Euclidean space endowed with the norm [I-|l. We denote by
B = C([0,b],R™)
the Banach space of all continuous functions from [0, b] into R™, equipped with the supremum norm

Il x llg= sup Il x(t) Il
te[o,b]

Let C([a,b],R) denote the space of all real-valued continuous functions defined on [a, b], and let
C™([a, b], R) denote the space of all real-valued functions on [a, b] whose derivatives up to order n are
continuous.

Now we recall some basic definitions and preliminary results from fractional calculus that will be used

throughout this paper; see [6, 10, 12, 14] for further details.

Definition 2.1. Let f € C[0, b] and @ > 0. Then the Riemann—Liouville fractional integral of order a of a

function f is defined as

1 t
1O = 175 fo (¢ — )% £(s) ds,

provided the integral exists.

Definition 2.2. For a function f € C™[0, b], the Caputo derivative of order a is defined as

1 t
DAf(t) = mfo (t—s)" 1 f()ds, n—1<a<n.
Lemma 2.3. Let f € C™[0,b] and @ > 0. Then

n—-1
& o
f—()tk n—-1<a<n.

I“[*DefF (] = f() - rhrDl
k=0

Lemma 2.4. Let f(t) = t#, where f > 0,andletn —1 < @ < n,n € N. Then
0, Bef01,..,n—1},
D) =] TG+D

FG+i—a)’ » PENBznorfeN f>n—-1

Vol 11 (4) June 2025 106



Journal of Science Research International (JSRI) ISSN: 2456 - 6365

Definition 2.5. Let § > 0. Then the one-parameter Mittag—Leffler function of order § > 0 is defined by

Ep(z) = z —_—
k=01“ Bk+1)
Definition 2.6. If a function
f € C([0,b] x R™ x R™",R™),
then the function x € B given by

n—-1
1 t
HO kZO F(kxlj- 1) e I(a) —];) (=" f(s:2(),“Dx(s)) ds,

for t € [0, b], is the solution of implicit fractional differential equation (1.1)—(1.2).
To prove the existence result, we use the nonlinear alternative for contraction and modified version of

contraction principle as mentioned below.

Theorem 2.7. [13] Non-linear alternative for contraction. Let U be a bounded open subset of Banach
space E. Assume 0 € U and G: U — E is a contraction. Then either
(i) G has a unique fixed point in U, or
(ii) there exist A € (0,1) and u € AU such that
u = AGu.
Theorem 2.8. [14] Modified version of contraction principle. Let X be a Banach space and let D be an
operator which maps the elements of X into itself for which D" is a contraction, where r is a positive
integer. Then D has a unique fixed point.
3. Existence and uniqueness of solution
Firstly, we prove the existence and uniqueness results for (1.1)—(1.2) by using the non-linear alternative for
contraction.
Theorem 3.1. Let
f € C([0,b] X R™ x R", R™).
Suppose p;(t) € C([0,b],R") and L; € (0,1), (i = 1,2), such that
(H1)
I ftxy) ISp @) Nxll +Ly Nyl
(H2)
I ft,x,y) —fE&. XD ISp ) I x=XN+L Iy —=F I,
where t € [0,b] and x,X,y,y € R™. Then the initial-value problem (1.1)~(1.2) has a unique solution on
[0, b], provided

P1 P2 } ra+1) (3.1)

max{l_Llll_LZ ba ’

where

pi = trer%ggg]pi(t)-
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Proof. Consider, for any A € (0,1), the family of problems
°D%x(t) = Af(t,x(¢),°Dx(t)), t€[0,b], b>0,n—1<a<n, (3.2)
x®0)=1x, eR", k=01,..,n—1. (3.3)
Then the solution of (3.2)—(3.3) is given by

n-—1
Axk

LTk +1)

A t
x(t) = k4 I"(a)fo (t — )1 f(s,x(s),°D%(s)) ds.

Using hypothesis (H1), we obtain

Il x| 1 [t
Ix(t) II< 2.7 (kxlj- 5 th+— & fo (t = )* If (s,x(s), °D*x(s)) | ds.
Hence
X 1< ), Fﬂk"f‘;"l) e f (¢ = )% [y (5) I %(s) Il +Ly 1 <D%x(s) lds

Note that from (1.1), we have
| €D%x(t) ll= ||f(t,x(t),CD“x(t))|| <p () N x(@) I +Ly | €D%x(t) II.

This gives
IeD%x(®) 1< T~ pl() x(t) Il, telo,b]
Therefore,
n-1
lxe . 1 ff _ p1(s)
< _ a—-1
Tx@® Il < Z e+ 1) + r@J, (t—1s) p1(s) I x(s) Il +Ly - L, Il x(s) Il|ds
S 1 ()
X k J‘ a—1 pP1S
< —
_kZOF(k_I_l)t +F(a) (t—1s) = Lllx(s)ll ds
= pillxly  [F
k k 1 B a—1
< —
= ,Z_Om DS A -Lor@ ), T ®
n-1
_ lxe pillxlp f
- k_or(k +1) A-L)r(a) a’
Thus
= lxl pLb®
k k 1
< .
I x(t) I< 2Tk + 1D A-L)r@+D Il xllg, tel[0,b]

Using condition (3.1), we can write

a —1n-1
xllps (1 - P2 el pe, g
B= A-L)r(a+1)) &rk+1) T

We have proved that for any A € (0,1) the solution of the family of problems is bounded and || x l[g< C.
Define

U={x€B:lxllzg<J}=Uual.
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Define the operator T: U — B by

n-1
1 t
(Tx)(t) = kZ:_OF(kin(- D th + F(a)fo (t - s)“‘lf(s,x(s),cD“x(s)) ds.

Then, for any x,y € U and any t € [0, b],

1 t
I (Tx)(@) — Ty I < —f (t = )* f (s, x(5),°Dx(s)) — f(5,¥(5), °D%y(s)) || ds.
r'(a)Jy
Using (H2),
I (Tx)(®) — (Ty)(®) < ﬁfot(t = 5)* 1 pz(s) 1 x(s) —y(s) I +Ly Il €D%x(s) — Dy (s) ll]ds.

But, for any t € [0, b], from (1.1),

I €D%x(t) — D%y () I = [If (¢, x(), D (t)) — f (¢, y(2), D%y ()l
<p(O) 1 x(@) —y(@®) | +L,y 1| °D*x(t) — D%y (t) II.

Therefore,
t
I SD%x(t) — °D®y(t) II< fZ(L) Il x(@) —y(©) .
— L2
Consequently,
I (T = (TY)(©) < 22 - Ix—y lIp< —22 - Ix—ylg.
“1-L,I'(a+1) “1-L,I(a+1)
Thus
D2 *
Tx—T < - :
Il Tx y”B_l—LZF(C{-I-l) Ilx—ylp
Condition (3.1) gives
D2 b* 1,

- LT et "
which shows that T is a contraction.
Now, if T has no fixed point in U, then by the non-linear alternative for contraction, there exist A € (0,1)
and u € AU such that
u = ATu.

This gives

Il w =0 ATw = |A] I Tu <l Tu I,
which gives ¢ < ¢, a contradiction. Hence T must have a unique fixed point in U, which is the unique
solution of (1.1)—(1.2).
This gives

I ull=I ATu ll= |A] | Tu I<Il Tu |,
which gives { < ¢, a contradiction. Hence T must have a unique fixed point in U, which is the unique
solution of (1.1)—(1.2).
Remark 3.1. With less hypothesis we can prove the existence and uniqueness of solution of (1.1)—(1.2) by

using the modified version of contraction principle as follows.
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Theorem 3.2. If the function f € C([0,b] X R™ X R™, R™) in (3.1) satisfies (HI1), then (1.1)—(1.2) has a
unique solution.

Proof. Consider the operator T: B — B defined as in Theorem 3.1. We have already proved

a
P1

— L, I(a +1)

I (Tx)(®) = Ty)(®) = 7

For any t € [0, b], define

x—vylg te]o0,b].

Then
Il (T2x)(&) = (T2)(@®) I =1 (Tx*)(©) — (Ty)(@®) |

t
< %f (t =) f(s,x7(s),°D*x*(s)) — f (5,7 (5), *D%y*(s))llds

< 1 a-1 p
F(Ol)l—Llf(t ) x™(s) =y (s) Il ds
F(a)l—Llf (t=)* I (T0(s) = (Ty)(s) Il ds

pl 1 t . .
S e

Using the beta-function identity,

[[s¢ - syetas = e DI
0

r2a+1)
Hence
p? t2a
I T20)O = (TNO IS G S rGa X7 s
Thus, in general, for any m € N, we find that
pi tme
10O = T"NO NS G5 Foma gy 15~ e
This gives
I T™x —T™y llg= sup Il (T™x)(t) — (T"y)(®) I< M Il x—ylg
telo,b] r(ma+1)
where
k= (1 flL )W'
1
Note that
((kb)*)™
[(ma+1)
is the mth term of the one-parameter Mittag—Leffler function
aym
Ful(kh)) = 0%,

Vol. 11 (4) June 2025 110



Journal of Science Research International (JSRI) ISSN: 2456 - 6365

which is convergent. Therefore, by the fundamental theorem of Cauchy,
((kb)*)™

F(ma +1)

Thus we can choose m € N sufficiently large so that

((kb)*)™
I'ma+1) <1

and hence T™ is a contraction. Therefore, by the modified version of contraction principle, T has a unique

-0 asm — oo,

fixed point, which is the unique solution of (1.1)—(1.2).
4. Example
In this section, we give an example to illustrate the results.

Example 1. Consider the implicit differential equation of fractional order

et ( x(t) > 1 — cost

D5/2x(t) = sin(ll D7/2x(e) I + x(©) ), t €[0,2].

2+ t2\1—x(t) 8
where f: [0,2] X R™ x R™ —» R" is given by

. _
f (6x(©,D7x(0)) = ze+ 2 (1 fg?(t)) - E;:OStSi“(" “D7Zx(0) I+ x(®) ),

which is clearly continuous. Noting that

u—+
2cos(

. . v\ o u—v
|sinu — sinv| = )sm( > )|S|u—v|, u,v ER,

we have

I (2@, <D772x(0)) - £ (£ %(6), <D722(®) )|

-t
<

el EORE{O) +%|sin(u cD72x() | +1 x(t) II) — sin(ll €D7/2%(E) 1| +1 £(t) 1I)|

1
< pi(©) (0 = 2(0) I+ 1 °D7/2x(8) = °D7/2% (1) Il.
Hence, by Theorem 3.2, the above problem has a unique solution on [0,2].

Also, we observe that

If (620, <D72x(®))| et Ix@) I

<
24+t211—x() |

-t
I x(e) Il +%(n “D72x(t) Il +1 x(¢) Il)

+%|sin(" D7/2x(t) I +1l x(2) I)]

<

2+ t?
1 7/2
<p () I x(@®) Il +Z Il €D7/2x(t) I

Now, as
1 3
L1=L2=Z; P1=p2—z'
we find
max{ D1 D2 }: 3/4 —1
1-L,’1-1L, 1-1/4 ’
and
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r(a+1)_l”(%+1)

e = = 10281

In this case,

P1 P2 } F(a+1).

maX{1—L1’1—L2 b

Hence, by Theorem 3.1, the above problem has a unique solution on [0,2].
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   ​  c   D  𝛼 x  ( t ) = f  ( t , x  ( t ) ,  ​  c   D  𝛼 x  ( t ) ) ,   t ∈  [ 0 , b ] ,   b > 0 ,   n − 1 < 𝛼 ≤ n ,


    x   ( k )  ( 0 ) =   x  k ∈  ℝ  n ,   k = 0 , 1 , … , n − 1 ,


  f :  [ 0 , b ] ×  ℝ  n ×  ℝ  n →  ℝ  n  


    x :  [ 0 , b ] →  ℝ  n ,


   ​  c   D  𝛼


  𝛼


   ℝ  n


  n


  ∥ ⋅ ∥


  B = C  (  [ 0 , b ] ,  ℝ  n )


   [ 0 , b ]


   ℝ  n


  ∥ x  ∥  B =  sup  t ∈  [ 0 , b ] ∥ x  ( t ) ∥ .


  C  (  [ a , b ] , ℝ )


   [ a , b ]


    C  n  (  [ a , b ] , ℝ )


   [ a , b ]


  n


  f ∈ C  [ 0 , b ]


  𝛼 ≥ 0


  𝛼


  f


    I  𝛼 f  ( t ) =  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1 f  ( s )   d s ,


  f ∈   C  n  [ 0 , b ]


  𝛼


   ​  c   D  𝛼 f  ( t ) =  1  𝛤  ( n − 𝛼 )   ∫ 0  t     ( t − s )  n − 𝛼 − 1   f   ( n )  ( s )   d s ,   n − 1 < 𝛼 ≤ n .


  f ∈   C  n  [ 0 , b ]


  𝛼 > 0


    I  𝛼  [  ​  c   D  𝛼 f  ( t ) ] = f  ( t ) −   ∑  k = 0  n − 1      f   ( k )  ( 0 )  𝛤  ( k + 1 )   t  k ,   n − 1 < 𝛼 ≤ n .


  f  ( t ) =   t  𝛽


  𝛽 ≥ 0


  n − 1 < 𝛼 ≤ n


  n ∈ ℕ


   ​  c   D  𝛼 f  ( t ) =  {    0 ,  𝛽 ∈ { 0 , 1 , … , n − 1 } ,     𝛤  ( 𝛽 + 1 )  𝛤  ( 𝛽 + 1 − 𝛼 )   t  𝛽 − 𝛼 ,  𝛽 ∈ ℕ ,   𝛽 ≥ n  or  𝛽 ∉ ℕ ,   𝛽 > n − 1 .


  𝛽 > 0


  𝛽 > 0


    E  𝛽  ( z ) =   ∑  k = 0 ∞      z  k  𝛤  ( 𝛽 k + 1 ) .


  f ∈ C  (  [ 0 , b ] ×  ℝ  n ×  ℝ  n ,  ℝ  n ) ,


  x ∈ B


  x  ( t ) =   ∑  k = 0  n − 1      x  k  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1 f  ( s , x  ( s ) ,  ​  c   D  𝛼 x  ( s ) )   d s ,


  t ∈  [ 0 , b ]


  U


  E


  0 ∈ U


  G :   U ¯ → E


  G


    U ¯


  𝜆 ∈  ( 0 , 1 )


  u ∈ ∂ U


  u = 𝜆 G u .


  X


  D


  X


    D  r


  r


  D


  f ∈ C  (  [ 0 , b ] ×  ℝ  n ×  ℝ  n ,  ℝ  n ) .


    p  i  ( t ) ∈ C  (  [ 0 , b ] ,  ℝ + )


    L  i ∈  ( 0 , 1 )


   ( i = 1 , 2 )


  ∥ f  ( t , x , y ) ∥ ≤   p 1  ( t ) ∥ x ∥ +   L 1 ∥ y ∥ .


  ∥ f  ( t , x , y ) − f  ( t ,   x ~ ,   y ~ ) ∥ ≤   p 2  ( t ) ∥ x −   x ~ ∥ +   L 2 ∥ y −   y ~ ∥ ,


  t ∈  [ 0 , b ]


  x ,   x ~ , y ,   y ~ ∈  ℝ  n


   [ 0 , b ]


  max  {     p 1  1 −   L 1 ,     p 2  1 −   L 2 } <   𝛤  ( 𝛼 + 1 )    b  𝛼 ,                     ( 3 . 1 )


    p  i =  max  t ∈  [ 0 , b ]   p  i  ( t ) .


  𝜆 ∈  ( 0 , 1 )


   ​  c   D  𝛼 x  ( t ) = 𝜆 f  ( t , x  ( t ) ,  ​  c   D  𝛼 x  ( t ) ) ,   t ∈  [ 0 , b ] ,   b > 0 ,   n − 1 < 𝛼 ≤ n ,         ( 3 . 2 )


    x   ( k )  ( 0 ) = 𝜆   x  k ∈  ℝ  n ,   k = 0 , 1 , … , n − 1 .                                                                   ( 3 . 3 )


    x   ( k )  ( 0 ) = 𝜆   x  k ∈  ℝ  n ,   k = 0 , 1 , … , n − 1 .                                                                   ( 3 . 3 )


  x  ( t ) =   ∑  k = 0  n − 1    𝜆   x  k  𝛤  ( k + 1 )   t  k +   𝜆  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1 f  ( s , x  ( s ) ,  ​  c   D  𝛼 x  ( s ) )   d s .


  ∥ x  ( t ) ∥ ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  ∥ f  ( s , x  ( s ) ,  ​  c   D  𝛼 x  ( s ) ) ∥   d s .


  ∥ x  ( t ) ∥ ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  [   p 1  ( s ) ∥ x  ( s ) ∥ +   L 1 ∥  ​  c   D  𝛼 x  ( s ) ∥ ] d s .


  ∥  ​  c   D  𝛼 x  ( t ) ∥ =  ∥ f  ( t , x  ( t ) ,  ​  c   D  𝛼 x  ( t ) ) ∥ ≤   p 1  ( t ) ∥ x  ( t ) ∥ +   L 1 ∥  ​  c   D  𝛼 x  ( t ) ∥ .


  ∥  ​  c   D  𝛼 x  ( t ) ∥ ≤     p 1  ( t )  1 −   L 1 ∥ x  ( t ) ∥ ,   t ∈  [ 0 , b ] .


     ∥ x  ( t ) ∥  ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  [   p 1  ( s ) ∥ x  ( s ) ∥ +   L 1     p 1  ( s )  1 −   L 1 ∥ x  ( s ) ∥ ] d s    ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1     p 1  ( s )  1 −   L 1 ∥ x  ( s ) ∥   d s    ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +     p 1 ∥ x  ∥  B   ( 1 −   L 1 ) 𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1   d s    =   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   t  k +     p 1 ∥ x  ∥  B   ( 1 −   L 1 ) 𝛤  ( 𝛼 )     t  𝛼  𝛼 .


  ∥ x  ( t ) ∥ ≤   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   b  k +     p 1   b  𝛼   ( 1 −   L 1 ) 𝛤  ( 𝛼 + 1 ) ∥ x  ∥  B ,   t ∈  [ 0 , b ] .


  ∥ x  ∥  B ≤    ( 1 −     p 1   b  𝛼   ( 1 −   L 1 ) 𝛤  ( 𝛼 + 1 ) )  − 1   ∑  k = 0  n − 1    ∥   x  k ∥  𝛤  ( k + 1 )   b  k   : = 𝜁 .


  λ ∈  ( 0 , 1 )


  ∥ x  ∥ B ≤ ζ


    U ¯ = { x ∈ B : ∥ x  ∥  B ≤ 𝜁 } = U ∪ ∂ U .


  T :  U ¯ → B


   ( T x )  ( t ) =   ∑  k = 0  n − 1      x  k  𝛤  ( k + 1 )   t  k +  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1 f  ( s , x  ( s ) ,  ​  c   D  𝛼 x  ( s ) )   d s .


  x , y ∈  U ¯


  t ∈  [ 0 , b ]


     ∥  ( T x )  ( t ) −  ( T y )  ( t ) ∥  ≤  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  ∥ f  ( s , x  ( s ) ,  ​  c   D  𝛼 x  ( s ) ) − f  ( s , y  ( s ) ,  ​  c   D  𝛼 y  ( s ) ) ∥ d s .


  ∥  ( T x )  ( t ) −  ( T y )  ( t ) ∥ ≤  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  [   p 2  ( s ) ∥ x  ( s ) − y  ( s ) ∥ +   L 2 ∥  ​  c   D  𝛼 x  ( s ) −  ​  c   D  𝛼 y  ( s ) ∥ ] d s .


  t ∈  [ 0 , b ]


     ∥  ​  c   D  𝛼 x  ( t ) −  ​  c   D  𝛼 y  ( t ) ∥  =  ∥ f  ( t , x  ( t ) ,  ​  c   D  𝛼 x  ( t ) ) − f  ( t , y  ( t ) ,  ​  c   D  𝛼 y  ( t ) ) ∥    ≤   p 2  ( t ) ∥ x  ( t ) − y  ( t ) ∥ +   L 2 ∥  ​  c   D  𝛼 x  ( t ) −  ​  c   D  𝛼 y  ( t ) ∥ .


  ∥  ​  c   D  𝛼 x  ( t ) −  ​  c   D  𝛼 y  ( t ) ∥ ≤     p 2  ( t )  1 −   L 2 ∥ x  ( t ) − y  ( t ) ∥ .


  ∥  ( T x )  ( t ) −  ( T y )  ( t ) ∥ ≤     p 2  1 −   L 2     t  𝛼  𝛤  ( 𝛼 + 1 ) ∥ x − y  ∥  B ≤     p 2  1 −   L 2     b  𝛼  𝛤  ( 𝛼 + 1 ) ∥ x − y  ∥  B .


  ∥ T x − T y  ∥  B ≤     p 2  1 −   L 2     b  𝛼  𝛤  ( 𝛼 + 1 ) ∥ x − y  ∥  B .


      p 2  1 −   L 2     b  𝛼  𝛤  ( 𝛼 + 1 ) < 1 ,


  T


  T


    U ¯


  𝜆 ∈  ( 0 , 1 )


  u ∈ ∂ U


  u = 𝜆 T u .


  ∥ u ∥ = ∥ 𝜆 T u ∥ =  | 𝜆 | ∥ T u ∥ < ∥ T u ∥ ,


  𝜁 < 𝜁


  T


    U ¯


  ∥ u ∥ = ∥ 𝜆 T u ∥ =  | 𝜆 | ∥ T u ∥ < ∥ T u ∥ ,


  𝜁 < 𝜁


  T


    U ¯


  f ∈ C  (  [ 0 , b ] ×  ℝ  n ×  ℝ  n ,  ℝ  n )  


  T : B → B


  ∥  ( T x )  ( t ) −  ( T y )  ( t ) ∥ ≤     p 1  1 −   L 1     t  𝛼  𝛤  ( 𝛼 + 1 ) ∥ x − y  ∥  B ,   t ∈  [ 0 , b ] .


  t ∈  [ 0 , b ]


    x ∗ = T x ,       y ∗ = T y .


     ∥  (   T 2 x )  ( t ) −  (   T 2 y )  ( t ) ∥  = ∥  ( T   x ∗ )  ( t ) −  ( T   y ∗ )  ( t ) ∥    ≤  1  𝛤  ( 𝛼 )   ∫ 0  t     ( t − s )  𝛼 − 1  ∥ f  ( s ,   x ∗  ( s ) ,  ​  c   D  𝛼   x ∗  ( s ) ) − f  ( s ,   y ∗  ( s ) ,  ​  c   D  𝛼   y ∗  ( s ) ) ∥ d s    ≤  1  𝛤  ( 𝛼 )     p 1  1 −   L 1   ∫ 0  t     ( t − s )  𝛼 − 1 ∥   x ∗  ( s ) −   y ∗  ( s ) ∥   d s    =  1  𝛤  ( 𝛼 )     p 1  1 −   L 1   ∫ 0  t     ( t − s )  𝛼 − 1 ∥  ( T x )  ( s ) −  ( T y )  ( s ) ∥   d s    ≤     p 1 2     ( 1 −   L 1 ) 2  1  𝛤  ( 𝛼 ) 𝛤  ( 𝛼 + 1 ) ∥ x − y  ∥  B   ∫ 0  t    s  𝛼    ( t − s )  𝛼 − 1   d s .


    ∫ 0  t    s  𝛼    ( t − s )  𝛼 − 1   d s =   t  2 𝛼   𝛤  ( 𝛼 + 1 ) 𝛤  ( 𝛼 )  𝛤  ( 2 𝛼 + 1 ) .


  ∥  (   T 2 x )  ( t ) −  (   T 2 y )  ( t ) ∥ ≤     p 1 2     ( 1 −   L 1 ) 2     t  2 𝛼  𝛤  ( 2 𝛼 + 1 ) ∥ x − y  ∥  B .


  m ∈ ℕ


  ∥  (   T  m x )  ( t ) −  (   T  m y )  ( t ) ∥ ≤     p 1  m     ( 1 −   L 1 )  m     t  m 𝛼  𝛤  ( m 𝛼 + 1 ) ∥ x − y  ∥  B .


  ∥   T  m x −   T  m y  ∥  B =  sup  t ∈  [ 0 , b ] ∥  (   T  m x )  ( t ) −  (   T  m y )  ( t ) ∥ ≤      (    ( k b )  𝛼 )  m  𝛤  ( m 𝛼 + 1 ) ∥ x − y  ∥  B ,


  k =    (     p 1  1 −   L 1 )  1 / 𝛼 .


       (    ( k b )  𝛼 )  m  𝛤  ( m 𝛼 + 1 )


  m


    E  𝛼  (    ( k b )  𝛼 ) =   ∑  m = 0 ∞       (    ( k b )  𝛼 )  m  𝛤  ( m 𝛼 + 1 ) ,


       (    ( k b )  𝛼 )  m  𝛤  ( m 𝛼 + 1 ) → 0   as  m → ∞ .


  m ∈ ℕ


       (    ( k b )  𝛼 )  m  𝛤  ( m 𝛼 + 1 ) < 1 ,


   T m


  T


   ​  c   D  5 / 2 x  ( t ) =     e  − t  2 +   t 2  (   x  ( t )  1 − x  ( t ) ) +   1 − cos t 8 sin  ( ∥  ​  c   D  7 / 2 x  ( t ) ∥ + ∥ x  ( t ) ∥ ) ,   t ∈  [ 0 , 2 ] .


  f :  [ 0 , 2 ] ×  ℝ  n ×  ℝ  n →  ℝ  n


  f  ( t , x  ( t ) ,  ​  c   D  7 / 2 x  ( t ) ) =     e  − t  2 +   t 2  (   x  ( t )  1 − x  ( t ) ) +   1 − cos t 8 sin  ( ∥  ​  c   D  7 / 2 x  ( t ) ∥ + ∥ x  ( t ) ∥ ) ,


   | sin u − sin v | =  | 2 cos  (   u + v 2 ) sin  (   u − v 2 ) | ≤  | u − v | ,   u , v ∈ ℝ ,


       ∥ f  ( t , x  ( t ) ,  ​  c   D  7 / 2 x  ( t ) ) − f  ( t ,   x ~  ( t ) ,  ​  c   D  7 / 2   x ~  ( t ) ) ∥    ≤     e  − t  2 +   t 2 ∥ x  ( t ) −   x ~  ( t ) ∥ +  1 4  | sin  ( ∥  ​  c   D  7 / 2 x  ( t ) ∥ + ∥ x  ( t ) ∥ ) − sin  ( ∥  ​  c   D  7 / 2   x ~  ( t ) ∥ + ∥   x ~  ( t ) ∥ ) |    ≤   p 1  ( t ) ∥ x  ( t ) −   x ~  ( t ) ∥ +  1 4 ∥  ​  c   D  7 / 2 x  ( t ) −  ​  c   D  7 / 2   x ~  ( t ) ∥ .


   [ 0 , 2 ]


      ∥ f  ( t , x  ( t ) ,  ​  c   D  7 / 2 x  ( t ) ) ∥  ≤     e  − t  2 +   t 2   ∥ x  ( t ) ∥  ∥ 1 − x  ( t ) ∥ +  1 4  | sin  ( ∥  ​  c   D  7 / 2 x  ( t ) ∥ + ∥ x  ( t ) ∥ ) |    ≤     e  − t  2 +   t 2 ∥ x  ( t ) ∥ +  1 4  ( ∥  ​  c   D  7 / 2 x  ( t ) ∥ + ∥ x  ( t ) ∥ )    ≤   p 1  ( t ) ∥ x  ( t ) ∥ +  1 4 ∥  ​  c   D  7 / 2 x  ( t ) ∥ .


    L 1 =   L 2 =  1 4 ,       p 1 =   p 2 =  3 4 ,


  max  {     p 1  1 −   L 1 ,     p 2  1 −   L 2 } =   3 / 4  1 − 1 / 4 = 1 ,


    𝛤  ( 𝛼 + 1 )    b  𝛼 =   𝛤  (  7 2 + 1 )   2  7 / 2 = 1 . 0281 .


  max  {     p 1  1 −   L 1 ,     p 2  1 −   L 2 } <   𝛤  ( 𝛼 + 1 )    b  𝛼 .


   [ 0 , 2 ]

